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1. Introduction

In this note we investigate the problem of testing whether an
observed dataset satisfies a particular micro-economic property
known as the Collective Axiom of Revealed Preference. More
concrete, consider a two-member household that operates in an
economy with N goods. At timest = 1,2, ..., T, the household
purchases a certain quantity of each of the goods q; € ]Rﬁ (also

known as a bundle), at corresponding prices p; € R’i 4 We refer to
a pair of N-vectors (p;, q;) as an observation, and we call the set of
observations S = {(p¢, q¢) : t € T= {1..., T}} the dataset.

It is well known that in the case of a single decision-maker,
testing properties like the Weak Axiom of Revealed Preference
(WARP), the Strong Axiom of Revealed Preference (SARP) and
the Generalized Axiom of Revealed Preference (GARP) can be
done efficiently (Varian, 1982). Here, we show that testing the
Collective Axiom of Revealed Preference for a dataset originating
from a household consisting of two decision-makers, leads to a
computationally difficult problem.

The Collective Axiom of Revealed Preference (CARP) provides
a testable, nonparametric, necessary and sufficient condition for
a collective rationalization of the dataset. CARP was introduced
in Cherchye et al. (2007); we refer to Cherchye et al. (2008)
and Talla Nobibon et al. (forthcoming) and the references therein
for detailed discussions of CARP. In Section 2 we state the rules
defining CARP. The purpose of this note is to show that testing
whether a given dataset S satisfies CARP is NP-complete and this is
done in Section 3; we conclude in Section 4.
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2. Problem description and notation

Following micro-economic theory, we assume that each of the
two members of the household has a (hypothetical) preference
relation over bundles. This preference relation is denoted by H(}
for member 1, and H3 for member 2. Furthermore, the phrase
“(qs, q¢) € H(’) means that we hypothesize that member i (directly)
prefers the bundle g over the bundle q;; fori € {1,2} ands,t €
T. Notice that (s, q;) is an ordered pair. Next, H' (i e {1,2})
represents the transitive closure of H!, that is (gs, q;) € H' means
that there exists a (possibly empty) sequence u, v, ...,z € T with
(4s, qu) € Hi, (qu, qu) € H,...,and (gz, ;) € H}. Thus given H} for
i € {1, 2}, the transitive closures H' follow. For ease of exposition,
the scalar product p; - q; (which is the amount of money spent in
observation t) is written as p;q;.

Given this notion of hypothetical preference relations, CARP is
defined as follows (see Cherchye et al. (2007)).

Definition 1 (CARP). Given is a dataset S = {(p;,q) : t € T}. S
satisfies CARP if there exist hypothetical relations Hj and H that
satisfy for all s, t, t, t, € T:

Rule 1: if p;qs > psq; then either (qs, q;) € H& or (qs, q;) € HZ;

Rule 2: if psqgs > psq: and (q;, qs) € H™ then (qs, q;) € Hé with
£ £ m;

Rule 3: if psqs > ps(qr, +4r,) and (g, , g5) € H™ then (g, q.,) € Hg
with ¢ # m;

Rule 4: if p,qs > pq. then either (q;, g5) & H' or (q;, ¢5) & H?;

Rule 5: if psqs > ps(q;, + q;,) then either (q;,,qs) & H! or

(qtza qs) ¢ Hz'
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An inequality of the form psq; > ps(q;, + qi,) (or of the form
Psds > ps(qr, + q,)) is called a double-sum inequality.

Rule 1 states that, if the bundle g; was chosen while the bundle
g: was equally attainable (under the prices ps), then it must be
that at least one member prefers the bundle g over the bundle g,
(ie. (gs, Q) € H(} or (gs, q¢) € Hg). Rule 2 states that, if member m
prefers g, over q; while the bundle g, is not more expensive than q;
against prices ps (i.e. psqs > psq; ), then member ¢ prefers g over q;.
Rule 3 states that, if the summed bundle q;, + g, is attainable and
member m prefers q;, over s, then the other member (member ¢)
prefers gs over qy,. Rule 4 states that, if g; was cheaper when ¢;
was chosen, then it cannot be that both members prefer q; over
gs. Finally, Rule 5 states that, if g;, + q;, was cheaper when q; was
chosen, then it cannot be that one member prefers q;, over g; while,
at the same time, the other member prefers q;, over gs.

The problem of testing whether a given dataset S satisfies CARP
can be phrased as the following decision problem.
INSTANCE: A dataset S = {(p;, q¢) : t € T}.
QUESTION: Does the dataset satisfies CARP? In other words, do
there exist Hj and HZ such that Rules 1-5 are satisfied?
In the next section, we prove that the problem of testing CARP is
NP-complete.

3. Complexity result

In this section we prove that testing CARP is NP-complete. The
proof uses a reduction from the Not-All-Equal-3Sat problem, which
is defined as follows.

INSTANCE: Set X = {xq,..., Xy} of n variables, collection C =

{C1, ..., Cy} of m clauses over X such that each clause C;, € C has

|Cel = 3.

QUESTION: Is there a truth assignment for X such that each clause

in C has at least one true literal and at least one false literal?
Garey and Johnson (1979) proved that the Not-All-Equal-3Sat

problem is NP-complete.

In the proof, we consider instances of the Not-All-Equal-3Sat
problem where no variable occurs more than once in the same
clause. This is without loss of generality, since, given an instance
of Not-All-Equal-3Sat where a clause contains the same variable
twice, we can simplify that clause to get a clause with two distinct
variables. By appropriately adding a new variable and a new clause,
we can transform that instance into an instance of the Not-All-
Equal-3Sat problem where no variable occurs more than once in
the same clause. As illustration, the clause (x; V X, V X3) can be
replaced by (x1 V X3 V X3) A (X1 V X3 V X3).

The idea behind the proof is the following: for each variable and
for each clause of the Not-All-Equal-3Sat instance, we build a set
of observations. Each of these observations concerns a number of
goods; in particular, we have a price-vector, and a quantity-vector
for each observation. By choosing appropriate values for the prices
and the quantities, we establish for each pair and for each triple of
observations the inequality desired. Next, the implications for the
hypothetical relations H(} and Hg induced by Rules 1-5 are such that
their existence is equivalent to the instance of the Not-All-Equal-
3Sat problem being satisfiable.

Our result:

Theorem 1. Testing whether a given dataset S satisfies CARP is
NP-complete.

The proof of this theorem is structured as follows. First, we
build a dataset S given the instance of Not-All-Equal-3Sat. Next,
we enumerate for each pair of observations (s, t) and for each
triple of observations (s, t1, t;) whether an inequality of the form
Dsqs = Dsq: (OF psGs > psq;), or of the form psqs > ps(qr, + gr,) (or
Psds > Ds(dr, + qt,)) is present. This is described in Claims 1 and 2.

Third, we argue the equivalence of a yes-instance of Not-All-Equal-
3Sat and the dataset S satisfying CARP. For the sake of simplicity,
throughout this text we will also call t € T an observation while
referring to (p¢, q¢).

Notice that it is not hard to see that the problem of testing CARP
is in the class NP: given the relations Hy and HZ; (and hence H'
and H?) we simply check, for each pair or triple of observations,
whether Rules 1-5 hold. Clearly, this can be done in polynomial
time.

In the first step of the proof, we aim at building the dataset S.
We shall first determine the set T of indices of observations. Next,
we derive the number of goods in the economy and finally, for each
observation, we derive a vector containing the price (respectively
quantity) of each good for that observation.

Consider an arbitrary instance of the Not-All-Equal-3Sat
problem where no variable occurs more than once in the same
clause. We build the set of observations as follows. For each
variablex; € X (i =1, ..., n), we have two observations specified
by x; and x;, where the latter refers to the negation of x;. We define
Ty = {xi,x; : i = 1,...,n} with cardinality |T;| = 2n. The
observations in T, are called variable observations.

For each clause C; = (x{ v x{ v x$) € C, where the
literal x{ is either the variable x; or its negation X;, x. is either
x; or X;, and x4 is either x, or X with 1 < i < j < k <
n (this ordering of indices can be achieved by permuting some
literals), we define six observations TS = {x!, x5, x5, t}, t3, t5}.
The first three observations in T} are called literal observations.
The last three observations in T} are associated observations; each
associated observation is associated to a literal observation. In
particular, t! is associated with xf, tf with x4 and ¢ with x%.
Let T, = UP, T4 with |T,| = 6m. The observations in T are
called clause observations. That is, a clause observation is either a
literal observation or an associated observation. In total, the set
of observations T = T; U T, contains T = |T| = 2n + 6m
observations.

To illustrate the reduction, we consider the following example
of Not-All-Equal-3Sat problem, subsequently referred to as the
example. The set of variables is X = {x1, X2, x3}, and there are two

clauses C; = (X1 VX3 Vx3)and G = (X1 V X V X3); that is
X = X1, X3 = X, X3 = X3, X} = X1, x7 = X and xI = Xs.
Notice that the truth assignment x; = x, = landx3 = 0is

a solution to this Not-All-Equal-3Sat instance. For the example,
the variable observations are {x1, X1, X2, X2, X3, X3} While the clause
observations are {x{, x,, X3. t{, t;, t3} for the first clause, and
{x%, x2, x3, t2, t3, t2} for the second clause. The reduction leads to
a set of observations T = {x1, X1, X2, X2, X3, X3, X1 X2+ X3- t1, b,
ta, X2, X2, x2,t2, t2, t2} with 18 elements.

To further describe the dataset S, we need to fix the number
of goods in each bundle, and for each observation in T, we must
specify the price and the quantity of each good. We consider an
economy with N = 2T? goods. We now specify the price and
the quantity of the N goods for each observation in T. For ease
of exposition, a bundle of N = 2T? goods is represented by two
blocks, each block being a T x T matrix. Each cell in each block
represents a good.

We index the rows and columns of the first T x T matrix
(referred to as Block 1 in the rest of this text) by the observations
in T. We use, both for the rows and for the columns, the
following ordering: x1, X1, X2, X2, - - s Xn, X, X1» Xas X3, £15 £, t3,
XioxZ, xi a2, x xt xy ety ¢ For the example,
Block 1 is represented in Table 1.

We use the same indices for naming the rows and columns of
the second T x T matrix (subsequently called Block 2 throughout
this text). Hence, we can identify a good by specifying a pair (s, t)
where s is the row-index (an observation), and where t is the
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Table 1
Block 1 for the example.
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column-index (also an observation), and by specifying the block
(either Block 1 or Block 2).
For each variable x; € X, we define

Iy, ={€e({1,...,m}: clause C; € C contains literal x;}.

Similarly,
Iy, ={te{l,...,m}:
Further, let

A =14 max{8, max{2|[}|+4:i=1,...
max{2[/;|+4:i=1,...,n}},

(where |A] is the cardinality of A). For the example, we have I},
{1} as x; appears only in the clause Cy, Ik, = {2} because X, is
presentonly in G, Iy, = {1, 2}, I}, =0, I}, = {1}, Iz, = {2} and
A = 9. Since we want to avoid prices equal to 0, we use, in the rest
of this text, € to denote a very small, strictly positive, real number.

Next, for each observation in T we will determine the price, as
well as the quantity of each good. We will do this by distinguishing
eight types of observations:

clause C; € C contains literal x;}.

,nj,

e variable observations corresponding to positive (negative)
literals. The vector of prices for that observation is denoted by
Px (Px; ), and the bundle (purchased quantities) is denoted by gy,
(qz;); fori=1,...,n.

e clause observations corresponding to the first (second, third)
literal. The vector of prices for that observation is denoted
by D, (pr' P ), and the bundle by Gyt (qxzz, qxﬁ): for ¢
1,...,m.

e associated observations corresponding to the first (second,
third) literal. The vector of prices for that observation is denoted
byptlg (ptg,ptg ),and the bundle by q! (qtqu[§)3 for =1,...,m.

Choosing the particular values of the prices and the quantities is
done with the objective of satisfying some inequalities for pairs or
triples of observations. In fact, for each pair of observations (s, t),

there are two goods: one in Block 1 and one in Block 2. The good in
Block 1 is used to ensure that the desired inequality between p,q;
and p;q; holds. The good in Block 2 is used to enforce the presence
or absence of a double-sum inequality involving p;qs and psq;. All
this is achieved by choosing appropriate values for the price and
the quantity of each good.

We now continue by describing how the prices of all goods
for all observations are set. That is, for each cell in each of the
two blocks forming the set of all goods, we fix a strictly positive
real value, representing the price. To achieve this, we proceed as
follows. For each of the two blocks, we specify the structure of the
corresponding matrix by giving a value to each cell representing
the price of the good corresponding to that cell. We do this for every
observation in T.

Specifying px;, Px; Pyts Pyts Pty Pits Pets Pyt for goods corresponding
to cells in Block 1.

For each observation s € T, there is a row in Block 1 indexed by
s. We set the price of each good corresponding to a cell in this row
equal to 1, except for the price of the good corresponding to cell
(s, s): its price equals 2. The goods corresponding to the remaining
cells in Block 1 get the price €.

As an illustration, consider the observation X, of the example.
The price of goods corresponding to cells in Block 1 is given by
Table 2.

Specifying py, for goods corresponding to cells in Block 2.

Given a clause C, that contains X; (negation of x;), let r denote the
position of x; in the clause C,. Of course, r € {1, 2, 3} (notice thatr
depends upon £ and i; for reasons of convenience we simply write
rinstead of r (i, £)). Thus, for each clause C, with £ € I}, thereis an

associated observation t¢ in T. The price of the good corresponding

to cell (x;, tf) equals ﬁ Also, the price of the good corresponding

to cell (t¢, X;) equals ﬁ
Xj

£ € TI%. Notice that in total, we have 2|7k, cells with value

This is done for each clause C, with
_1
2|75
in this block (Block 2). The goods corresponding to the remaining
cells in Block 2 get the price €.
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Table 2
Price of goods corresponding to cells in Block 1 for observation x;.
= = = 1 1 1 1 1 1 2 2 2 2 2 2
X1 X1 X2 X3 X3 X3 X1 X2 X3 t t |5 Xi X3 X3 t & 5]
X1 3 & 3 & 3 & 3 & 3 e e e & I3 e I3 I3 I3
X 3 3 3 3 3 £ 3 £ 3 3 3 3 3 3 3 3 3 3
X2 3 & & & 3 & 3 & 3 e e e e 3 e 3 3 3
X2 1 1 1 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X3 3 3 3 3 3 £ 3 £ 3 3 3 3 3 3 3 3 3 3
X3 3 & 3 & 3 & 3 & 3 e e e e 3 e 3 3 3
X1 3 & 3 £ 3 & 3 £ I3 e e e e I3 e I3 I3 I3
X 3 3 3 3 3 3 3 £ 3 3 3 3 3 3 3 3 3 3
X5 3 & 3 & 3 & 3 & 3 e & e & 3 e 3 3 3
¢ 3 & 3 & 3 & 3 £ 3 e e e e I3 e I3 I3 I3
& 3 3 3 3 3 & 3 € 3 3 3 3 3 3 3 & & £
iy 3 & 3 & 3 & 3 & 3 & e & & 3 & 3 3 3
X3 3 3 3 £ 3 £ 3 £ 3 e e e e I3 e I3 I3 I3
X2 3 3 3 & 3 3 3 e 3 3 3 3 3 3 3 3 3 3
X3 3 & 3 & 3 & 3 & 3 & & e & 3 & 3 3 3
& 3 & 3 £ 3 £ 3 & 3 e e e e 3 e I3 I3 I3
2 3 3 3 & 3 e 3 e 3 € 3 3 3 3 3 & & &
t2 3 & 3 & I3 & 3 & 3 & & & & 3 & 3 3 3

As an illustration, consider the observation x, of the example.
Since I;, = (@, the price of all goods corresponding to cells in
Block 2 is e.

Specifying px, for goods corresponding to cells in Block 2.

We use an approach similar to the one used to determine py,.
Now, let r denote the position of x; in the clause C,. For each clause
Ce with £ € I, there is an associated observation tf. The price of

the good corresponding to cell (x;, tf) equals ﬁ Also, the price

of the good corresponding to cell (t¢, x;) equals ﬁ

for each clause C; with £ € TI},. The goods corresponding to the
remaining cells in Block 2 get the price .

As an illustration, consider the observation x, of the example.
The prices of goods corresponding to cells in Block 2 are given in
Table 3. Notice that there are four goods with price %.

Specifying p N for goods corresponding to cells in Block 2.

There are two goods corresponding to cells in Block 2 that have
a price different from ¢. These are the goods corresponding to the
two cells (x5, t5) and (t5, x3); the price for these goods equals 5.
The goods corresponding to the remaining cells in Block 2 get the
price ¢.

As an illustration, consider the example. For £ = 1 we have
xf = x; and the two goods with price % correspond to cells ( X; , t31)
and (t31, X31). The goods corresponding to the remaining cells in
Block 2 get the price . For £ = 2, the goods corresponding to cells
(x%,t2) and (t3, x?) get the price 3; the goods corresponding to
the remaining cells in Block 2 get the price &.

Specifying p L for goods corresponding to cells in Block 2.

This is done

Again, there are two goods that have price % namely those
corresponding to the cells (x!,t) and (tf, x;). The goods
corresponding to the remaining cells in Block 2 get the price €.

As an illustration, consider the example. For £ = 1 we have
xf = x, and the two goods with price % correspond to cells ( X1] , tll)
and (t}, Xl]). The goods corresponding to the remaining cells in
Block 2 get the price . For £ = 2, the goods corresponding to cells

(x?.t]) and (¢, x?) get the price 1; the goods corresponding to
the remaining cells in Block 2 get the price ¢.
Specifying p X for goods corresponding to cells in Block 2.

Also here, there are two goods with price % namely those

corresponding to the cells (xi,tt) and (tf, x5). The goods
corresponding to the remaining cells in Block 2 get the price ¢.

As an illustration, consider the example. For £ = 1 we have
Xf = x3 and the two goods with price % correspond to cells (le, tzl)
and (t;, x,). The goods corresponding to the remaining cells in
Block 2 get the price ¢. For £ = 2, the goods corresponding to cells
(x#.t2) and (t3, x7) get the price 3; the goods corresponding to
the remaining cells in Block 2 get the price €.

Specifying Py for goods corresponding to cells in Block 2.

Recall that the observation t! is associated with the literal
observation . Further, the literal x| is either x; or ; for a giveni €
{1, ..., n}. In both cases, there are only two goods corresponding
to cells in Block 2 that have price different from .

5 are

If Xf = x;, then the two goods of Block 2 with price 5

those corresponding to cells (x£,X;) and (X;, x+). The goods
corresponding to the remaining cells in Block 2 get the price ¢.
On the other hand, if Xf = X;, then the two goods of Block 2
corresponding to cells (x5, x;) and (x;, x5) have price 5. The
goods corresponding to the remaining cells in Block 2 get the
price &.

1

As an illustration, consider the example. For ¢ 1 the
observation f11 is such that the goods corresponding to cells (le ,X1)
and (%1, x,) in Block 2 have price J since x{ x1. The goods
corresponding to the remaining cells in Block 2 get the price €. For
{ = 2, the goods corresponding to cells (XZZ, x1) and (xq, Xzz) in
Block 2 have price 1 for observation t7 because x7 = ;. The goods
corresponding to the remaining cells in Block 2 get the price ¢.
Specifying Py for goods corresponding to cells in Block 2.

The observation t; is associated with x4 which is either x; or X;
foragivenj e {1,...,n}.
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Table 3
Price of goods corresponding to cells in Block 2 for observation x;.

X1 X1 X2 X2 X3 X3 X1 X2 x3 £l £ f31 X3 X x? i 5 6
X1 e I3 3 3 3 & 3 & 3 & & & & 3 e I3 I3 I3
X 3 3 3 3 3 3 3 3 3 £ 3 £ £ 3 3 3 3 3
Xa e 3 e 3 e e e e e e 1 e e € e e : e
X2 e I3 e 3 3 & 3 & 3 £ & & £ I3 e I3 I3 I3
X3 3 3 3 3 3 3 3 3 3 £ 3 £ £ € 3 3 3 3
X3 e 3 3 3 3 & 3 & 3 & & & & 3 e 3 3 3
X1 e I3 & 3 3 £ 3 £ 3 & & & £ 3 e I3 I3 I3
X 3 3 3 3 3 3 3 3 3 3 3 £ £ 3 3 3 3 3

1
X3 e 3 3 3 3 & 3 & 3 & & & & 3 & 3 3 3
¢! e I3 3 3 3 £ 3 £ 3 & £ £ £ 3 e I3 I3 I3
& e e % € 3 3 3 £ 3 3 e & & € 3 e 3 3
i 3 3 3 3 3 & 3 & 3 & & & & 3 & I3 3 3
X3 e I3 3 I3 3 3 3 £ 3 £ £ & £ 3 e I3 3 I3
X2 3 3 3 3 3 3 3 e 3 3 £ e & e 3 3 3 3
X3 3 3 3 3 3 & 3 & I3 & & & & 3 & 3 3 I3
2 e I3 3 I3 3 £ 3 & 3 £ £ £ £ 3 e I3 3 3
t2 e e % e 3 3 3 3 3 € e & 3 3 3 3 e 3
t2 3 3 3 3 3 & 3 & 3 & & & & 3 e I3 3 3
¢ _ . . 1 - . .
If x, = x;, then the two goods of Block 2 with price 5 are Specifying qy, for goods corresponding to cells in Block 1.

those corresponding to cells (x+,%;) and (¥;, x5). The goods
corresponding to the remaining cells in Block 2 get the price ¢.
Otherwise, if x{ = ¥; then the two goods of Block 2 correspond-
ing to cells (x5, x;) and (x;, x5) have price 3. The goods corre-
sponding to the remaining cells in Block 2 get the price .

As an illustration, consider the example. For ¢ 1 the
observation t21 is such that the goods corresponding to cells ( X; , X2)
and (x;, X31) in Block 2 have price % since X21 X,. The goods
corresponding to the remaining cells in Block 2 get the price ¢. For
¢ = 2, the goods corresponding to cells (x3,X;) and (X, x%) in
Block 2 have price % for observation tZ because x; = x,. The goods
corresponding to the remaining cells in Block 2 get the price €.
Specifying Py for goods corresponding to cells in Block 2.

The observation t} is associated with x5 which is either x; or X,
foragivenk € {1,...,n}.

Ifxf = X, the two goods of Block 2 with price % are those corre-
sponding to cells (Xf, X) and (X, Xf). The goods corresponding
to the remaining cells in Block 2 get the price ¢.

If, on the other hand, X§ = X then the two goods of Block 2 cor-
responding to cells (x{, x) and (xi, x{) have price 5. The goods
corresponding to the remaining cells in Block 2 get the price ¢.

As an illustration, consider the example. For ¢ 1 the
observation t31 is such that the goods corresponding to cells ( Xll , X3)
and (X3, x{) in Block 2 have price 1 since x; x3. The goods
corresponding to the remaining cells in Block 2 get the price ¢. For
¢ = 2, the goods corresponding to cells (x?, x3) and (x3, x?) in
Block 2 have price 1 for observation t7 because x5 = 3. The goods
corresponding to the remaining cells in Block 2 get the price ¢.

This achieves the description of prices: for each observation in
T we have specified the price of every good in the bundle (that is
every cell in the two blocks). It remains to fix for each observation
in T the quantity used for each good in the bundle.

There is a row and a column in Block 1 indexed by x;. All
the goods corresponding to cells of Block 1 other than those
corresponding to cells in row x; and in column x; get the value 0
as their quantity. As for cells in row x; and column ¥x;, the good
corresponding to cell (x;, x;) gets the value 1. The quantity of the
good corresponding to cell (x;, X;) equals 1, and the quantity of
the good corresponding to cell (x;, x;) equals the value |I},| +
1. Moreover, for every clause C, containing X; (¢ € [%), the
good corresponding to cell (x;, tf) gets the value 1, where r
denotes the position of x; in the clause C,. The quantity of the
good corresponding to cell (tf, x;) equals 2. The remaining goods
corresponding to cells in row x; are not used and get the quantity
0, while those remaining in column x; get the value A. Observe that
a good corresponding to a cell (x;, t) in row x; has a non-zero value
if and only if the corresponding to the cell (t, x;) in column x; has a
value different from (more precisely less than) A.

As an illustration, consider the observation x; of the example.
The quantity of goods corresponding to cells in Block 1 are given in
Table 4.

Specifying gz, for goods corresponding to cells in Block 1.

All goods corresponding to cells in Block 1 other than those
in row x; and in column X; get the value O as their quantity.
The good corresponding to cell (x;, X;) has quantity 1. Also, the
good corresponding to cell (x;, x;) has quantity 1, and the good
corresponding to cell (x;, x;) has quantity | Iy, | + 1. For every clause
C, containing x; (£ € I},), the good corresponding to cell (x;, tf)
has quantity 1 (where r refers to the position of x; in clause C;).
The good corresponding to cell (tf, X;) has quantity 2. For the goods
corresponding to the remaining cells in row ¥;, their quantity is O,
while the goods corresponding to the remaining cells in column X;
have quantity A.

As an illustration, consider the observation X, of the example.
The quantity of goods corresponding to cells in Block 1 are given in
Table 5.
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Table 4
Quantity of goods corresponding to cells in Block 1 for observation x;.
X1 X1 X2 X2 X3 X3 x! x) x} i (o t] b2 x5 X2 & t2 t2
X1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
X 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X2 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X2 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X3 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X3 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
] 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x; 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X} 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
¢ 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
t21 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
iy 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x% 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X3 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
& 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
t2 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Table 5
Quantity of goods corresponding to cells in Block 1 for observation X,.
X1 X1 X2 X X3 X3 X1 X3 x3 i t) t; o x5 7 4 t t2
X1 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X1 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X2 0 0 1 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0
X3 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X3 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x! 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X} 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ol 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
t]1 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
t) 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
)?% 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x3 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
X 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
tf 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0
t2 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Specifying qye for goods corresponding to cells in Block 1.

All goods corresponding to cells in Block 1 that are neither in
row Xf nor in column Xf have quantity 0. The goods corresponding
to cells (x%, xD), (xfy x5, (xf, x3) and (xf, ) in row x{ have
quantity 1. The good corresponding to cell (x5, x{) gets a quantity

of 4, that corresponding to cell (X3€7 Xf) receives a quantity of 6
while the good corresponding to cell (t{, Xf) has quantity 2. For
the goods corresponding to the remaining cells in row va their
quantity is 0, while those corresponding to the remaining cells in
column x! have quantity A.
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Specifying Gyt for goods corresponding to cells in Block 1.

All goods corresponding to cells in Block 1 neither in row Xf
nor in column Xze have quantity 0. The goods corresponding to
cells (x5, x5), (x5, xb), (x5, x5) and (x4, t') have quantity 1.
The good corresponding to cell (Xf, Xf) has a quantity of 6 and
that corresponding to cell (x3, x5) gets a quantity 4, while the
good corresponding to cell (tf, Xf) has quantity 2. For the goods
corresponding to the remaining cells in row Xf- their quantity is
0, while those corresponding to the remaining cells in column le
have quantity A.

Specifying q X for goods corresponding to cells in Block 1.

All goods corresponding to cells in Block 1 neither in row )(3“
nor in column Xf have quantity 0. The goods corresponding to cells
G xH, O xH, (X, xb) and (x4, t6) have quantity 1.In column
X3, the good corresponding to cell (x{, x5) has a quantity of 4,
that corresponding to cell (Xf, Xf) has a quantity of 6 while the
good corresponding to cell (tf, xf) has quantity 2. For the goods
corresponding to the remaining cells in row va their quantity is
0, while those corresponding to the remaining cells in column X;f
have quantity A.

Specifying q[f for goods corresponding to cells in Block 1.

All goods corresponding to cells in Block 1 that are neither in
row t! nor in column t{ have quantity 0. Since t! is associated to
Xf which is either x; or x; for a giveni € {1, ..., n}, we distinguish
two cases.

If x{ = x, then the goods corresponding to cells (t!, t}),
(tt, x5) and (t!, %) have quantity 1. In column t{, the good
corresponding to cell (Xze, tf) has quantity 3, while the good
corresponding to cell (x;, tf) has quantity |Iy,| + 1. The goods
corresponding to the remaining cells in row tf have quantity 0,
while those corresponding to the remaining cells in column tf
have quantity A.

If, on the other hand, Xf = X; then the goods corresponding
to cells (t], t9), (t], x5) and (t!, x;) have quantity 1. In column
t!, the good corresponding to cell (x4, t!) has quantity 3, while
the good corresponding to cell (x;, tf) has quantity |I%,| + 1.
The goods corresponding to the remaining cells in row tf have
quantity 0, while those corresponding to the remaining cells in
column ¢} have quantity A.

Specifying qyt for goods corresponding to cells in Block 1.

All goods corresponding to cells in Block 1 that are neither in
row t; nor in column t; have quantity 0. Since ¢} is associated to
Xf which is either x; or X; fora given j € {1, ..., n}, we distinguish
two cases.

If x4 = x;, then the goods corresponding to cells (%, t5), (3, x3)
and (tzz,)‘cj) have quantity 1. The good corresponding to cell
(Xf, tf) has quantity 3, while the good corresponding to cell
(xj, tf) has quantity |ij| + 1. The goods corresponding to the
remaining cells in row tf have quantity 0, while those corre-
sponding to the remaining cells in column tf have quantity A.
Otherwise, if Xf = X; then the goods corresponding to cells
(£, th), (¢, x¥) and (¢, x;) have quantity 1. In column ¢, the
good corresponding to cell (x4, t;) has quantity 3, while the
good corresponding to cell (x;, tf) has quantity |F;<j| + 1. The
goods corresponding to the remaining cells in row tf have quan-
tity 0, while those corresponding to the remaining cells in col-
umn t} have quantity A.

Specifying aet for goods corresponding to cells in Block 1.

All goods corresponding to cells in Block 1 that are neither in
row t! nor in column t{ have quantity 0. Since t{ is associated to

xf which is either x; or X fora givenk € {1, ..., n}, we distinguish
two cases.
If x3 = x then the goods corresponding to cells (¢, t3),

(¢, xb) and (tf, %) have quantity 1. In column t{, the good
corresponding to cell (x}, t}) has quantity 3, while the good
corresponding to cell (x, tf) has quantity |I, | + 1. The goods
corresponding to the remaining cells in row t?‘f have quantity 0,
while those corresponding to the remaining cells in column tf
have quantity A.

Otherwise, if xf = X, then the goods corresponding to cells
(t5, ), (¢4, x§) and (£, x,) have quantity 1. In column t§, the
good corresponding to cell (Xf, tf) has quantity 3, while the
good corresponding to cell (xg, tf) has quantity |I,| + 1. The
goods corresponding to the remaining cells in row t§ have
quantity 0, while those corresponding to the remaining cells in
column tf have quantity A.

We now proceed with the quantities of the goods correspond-
ing to cells in Block 2.

Specifying qy, for goods corresponding to cells in Block 2.

The goods corresponding to cells in Block 2 that have a non-¢
price get the quantity |I%| + 1 while those with ¢ price get the
value 0 as quantity.

As an illustration, consider the observation x, of the example.
For that observation, all the goods corresponding to cells in Block 2
get the price ¢. Therefore, all the goods corresponding to cells in
Block 2 have quantity 0.

Specifying gz, for goods corresponding to cells in Block 2.

The goods corresponding to cells in Block 2 have quantity | I, |+
1, if their price in that observation is different from ¢; otherwise
their quantity equals 0.

Specifying q 0l Gyl Gyt for goods corresponding to cells in Block 2.

For goods corresponding to cells in Block 2, the following holds:
if the price of such a good in some observation is ¢, then the
quantity of that good for that observation is 0, otherwise the
quantity is 3.

Specifying Aets et s Gt for goods corresponding to cells in Block 2.

For goods corresponding to cells in Block 2, the following holds:
if the price of such a good in some observation is ¢, then the
quantity of that good for that observation is 0, otherwise the
quantity is 2.

This completes the description of the quantity of each good
in the bundle for every observation in T. Thus, we have built the
dataset S. Notice that this construction of S is done in polynomial
time.

The second step of our proof identifies some characteristics of
the dataset S constructed above; these are the inequalities and
double-sum inequalities satisfied by the vectors of quantity and
price of observations. Our goal is to compare for each pair s, t
(respectively triple s, t, t;) of observations the quantities p;q; and
Dpsq: (respectively psqs and ps(qe; + g, ))-

Claim 1. Given the dataset S defined above, we have the following
inequalities.

Foreachi=1,...,n,
px,‘qxi > Pxﬂ;?,v» (1)
Pi,-QX,- > p)?,-qx,-- (2)
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Foreach? =1,...,m,
Dyedyt > Pyt
PytAye > Pytdyes
PytAye > Pyt
Pytdys > Pytdyes

3)
(4)
(5)
(6)
Pyidyt > Pyedyes (7)
(8)
(9)
10)
11)

4
5
6
2

8

Dytyt > Pyt

Pytlyt > Pytyts 9
Pyidye > Pyed,es (10
Pyeyt > Pyrdy- (1
Foreach¢ = 1,...,m, foreachi = 1,...,nwithxf = x; or
¢ -
X1 =Xi
Pyt > Petdy e (12)
e 0
pth)_q lf X1 = Xi,
eqe > 1 . - (13)
pt] qtl !ptqui lf X]é = Xi,
pi,-q},- > p)_(iqtf lf X]é = Xi, (14)
pxin,' > px,‘qt{' lf X]é = )_{i-
Foreach? = 1,...,m, foreachj = 1,...,nwith)(§z = Xxj or
t_ %
X2 =%
Pyt > Pitdyts (15)
e 0
p[/éq;(j lf X2 =Xj7
D.eq.e > 2 . _ (16)
tz [2 {pfgqxj' lf XZZ =Xj7
P)'ch;(j > p)_cj'qtﬁ lf Xf = va (17)
Pyl > Py if X3 =%
Foreach¢ = 1,...,m, foreach k = 1,...,nwithx§ = Xy Or
¢ -
X3 = Xk
Py > Petdyts (18)
e 0
Doz lf X3 = Xk,
¢q.e > 3 . _ (19)
Py !pfgqu if x5 = X,
Dx qx, > p;‘kqtg’ lf X:f = Xk, (20)
Pl > Pxdy i x5 = X
For all other pair s, t of distinct observations in T
Dsqs < Dsqc- (21)

Claim 2. Given the dataset S defined above, the following double-sum
inequalities hold.

Foreach? =1, ..., m,

Pytdye > Pye(qye +qy), (22)
Pytdyt > Py (@ +qu), (23)
Pyelye > Py (Qye +qp). (24)
Fo[reachﬁ =1,...,m, foreachi = 1,...,nwithxf = X; or
X1 =X

P (@ +ax) i X1 =xi,

) i (25)
P (@ +ax) i X1 =X,

pedy >

Pxdx > Px Gy +q.)  if x{ =X,
i ol (26)
Py > Px(ax +4y) if xy =X
Foreach¢ = 1,...,m, foreachj = 1,...,nwithx2£ = Xj or
L _ 5.
X2 =X
pe(a,e +axy) if x3 = x;,
PYig > Nt vy Al =% @7)
p[é/(qXé/ +qu) leZ —Xj,
Pyl > Py @y +a0) i x; =%, (28)
Pyl > Py (@ +a0) i x; =X
Foreach¢ = 1,...,m, for each k = 1,...,nwithx3‘ = X Or
P
X3 = Xk
Pe(q,e +qz) if X3 =Xk
Pyeqe > 5o . ; 3@ _ 3 (29)
35 | Py @y +ax) I X3 = X
Pz Gz, > Dx, (qu + qtg) lf X?{ = Xk, (30)
Pl > Px (G +0y) 1 X5 = X
Foreachi=1,...,nand foreach ¢, ¢’ € I, withr and r’ being
the position of X; in the clause C, and C, respectively,
DPx;Qx; > Dx; (qt,{ + qté/’)~ (31)
Foreachi=1,...,nand foreach ¢, e I, withr andr’ being
the position of x; in the clause C, and Cy respectively,
p;?,-‘b?,- > p??,' (qt,{ + qtl;)- (32)

There are no double-sum inequalities other than those mentioned
above.

The proofs of Claims 1 and 2 are given in the Appendices B and C.

In the last step of our proof, we prove that the dataset S
obtained by the above reduction satisfies CARP if and only if the
instance of the Not-All-Equal-3Sat problem is a YES-instance. The
goal here is to prove that the instance of CARP built from the
arbitrary instance of the Not-All-Equal-3Sat problem is at least as
hard as that instance of the Not-All-Equal-3Sat problem. This proof
strongly relies on Claims 1 and 2.

On the one hand, suppose that S satisfies CARP. Thus there exist
sets (hypothetical relations) Hy and H that satisfy Rules 1-5. The
following is true for H(} and Hg.

Lemma 1. If the dataset S satisfies CARP, then there are no two
distinct observations s and t satisfying psqs > psq: such that

(gs, q¢) € H} and (qs, q;) € H3. -

Proof. From the inequalities listed in Claim 1, we observe that for a
pair of distinct observationss, t € T, if psqs > psq; then psqs > psq;
and p.q; > p:qs. Next, we argue by contradiction: if (gs, q;) € H(}
and (qs, q¢) € HZ then (g5, q;) € H'and (q5,q;) € H?. This,
however, contradicts Rule 4. Therefore, Lemma 1 holds. O

We now build a truth assignment for the instance of Not-All-Equal-
3Sat and show that it is a yes-instance. For each variable x; € X we
setx; = 1if (qx;, qz,) € H&; otherwise x; = 0. Thus, the value of
each x; is well defined. In fact, using (1) and Rule 1 we conclude that
for each i, (qy;, gx,) € Hg or (gx;, gx) € HZ. Since by construction,
x; = 1 corresponds to the case (qy,, gz;) € HJ}, it follows that x; = 0
corresponds to the case (qy;, gx,) € HZ.

We now prove that each clause in C has at least one true literal
and at least one false literal. We argue by contradiction. Suppose
that there exists a clause C, = (x{ V x5 V x$) (€ € {1,...,m})
in C which is such that either x{ = xi = xf = lorx! =
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X5 = xt = 0. Without loss of generality, let us assume that
X = x5 = x4 = 1. We are going to investigate each literal in
C, individually. The first literal Xf is either x; or x;. We will argue
that in both cases, we have (qtf, qxf) € H,.

Indeed, if xf = x; then x; = 1 implies that (qy, qz) € H(}
from the assignment of values to variables. The double-sum
inequality (26) for the clause C is pz,qx, > P (qx; + qt{z). Since
(ax» g%) € Hg, Rule 3 implies that (gy,, q) € HZ. Using the
double-sum inequality Pidie > Py (qxf + gz,) given by (25)
and the fact that (gs,, qrf) € H?, Rule 3 leads to (qtf, qxzz) € Hy.
On the other hand, ifxf = X;thenX; = 1implies thatx; = Oand
(ax;» g%) € HZ. Using Rule 2 and (2) we obtain (qz;, gx,) € H,.
The double-sum inequality (26) is px,qx, > Px;(Gz + qtf) and
(4 Gx;) € Hg. Thus Rule 3 implies that (gy,, q) € HZ. The
inequality (25) is Py > Pyt (qxf + qy) and (qy,, ‘Irf) € H?;
therefore (qff’ qxf) € H(} from Rule 3.

Since (qtf, qxzz) € H(} we use the double-sum inequality Pytd,t >
Py (qxf —|—q[f), (given by (23)) and Rule 3 to obtain that (qxf , qxf) €
Hé. Finally, using Rule 2 and (8) we have (qxf’ qng) € H(}.

We conclude that whether the literal Xf is x; or X;, as long as its
value equals 1 we have (qX{, qxzf) € H[}. Notice that, in case Xf =0

we can conclude that (qxf , qxf) € Hg.

By applying a similar reasoning to the second literal Xf, we
obtain (qng, qxf) € H(}, while the application of that reasoning
to the third literal Xf leads to (qxf’qxf) € H(}. We obtain
@ q,) € H,, (@ a,0) € H} and (@ q,0) € H,. Thus
(qxf’ qxz‘)' (qxf’ qxﬁ)' (qxﬁ’ qxf) € H', which imply from Rule 2,
(4). (6) and (10) that (q,¢, q,¢). (¢, d,0), (¢, 4,0) € H3. Thus
@y qy0) € H} N H? and xf # x{. This contradicts Lemma 1.
This concludes the proof that if the dataset S satisfies CARP then
the instance of Not-All-Equal-3Sat is a yes-instance.

On the other hand, suppose that there is a truth assignment
for X which is such that each clause in C has at least one true
literal and at least one false literal. Consider Hy and Hz defined as
follows. For each variable x; € X, if x; = 1 then (qy,qz) € H(}
and (qx, gxy) € HZ. Otherwise, if x; = O then (gx,qy) € H,
and (qy;, qz;) € Hg. This ensures that for each pair of observations
(s, t) occurring in inequalities (1) or (2) the corresponding bundle
pair (gs, gr) is either in Hy or in H3. We now deal with pairs of
observations occurring in inequalities (3)-(20). We will specify
for each ordered pair of observations occurring in each of these
inequalities whether the corresponding bundle pair is in H(} or in
HZ. For every clause C; = (x} V x4 V x4) in C, we consider each
literal in C, in turn. The construction of Hj and HZ for a given clause
C, is given in Table 6.

Table 6 displays two forms of symmetry. First, at the level of
aliteral x/,i = 1,2, 3 we observe that the set H} when x} = 1

equals the set Hg when xf = 0.Second, when substituting X; (X;, Xi)
for x; (x;, X), and x; (x;, xi) for X; (X;, Xk ), the set H (respectively H2)
when x{ = x; (x5 = X;, x5 = x) becomes the set H2 (respectively
Hy)when x¢ =% (xf =X, xt = x).

To complete the definition of H, and HZ, we set (¢s, qs) €
Hy N H forevery s € T.

Remark 1. Notice that there is no pair of distinct observations
(s, t) such that psqs > psq; and (qs, qc) € Hy N H§.

We next prove two properties of the sets Hj, H3, H! and H?
described above.

Property 1. For any pair of observations (s, t), if (¢s, qt) € H' and
Psqs = Psq: then (gs, q¢) € Ho, fori =1, 2.

Proof. Without loss of generality, suppose that (qs,q;) € H'
with psqs > psq;. We argue by contradiction; suppose that
(45, qr) ¢ Hgy. Then by construction, (qs,q;) € Hg. Since
(gs, gr) € HZ, we have, by construction of H} and HZ, that (q;, g) €
H(}. Further, since (q;,q;) € H! there exists a sequence (non-
empty, because of Remark 1) of observations u, v, ..., w such that
(Gs» Gu)» (Gus Gv)s - - - » (qu» G¢) are in H}. By construction of H} and
Hg, however, this implies that (q¢, qu), ---, (Qv, Qu), (Qu, Gs) €
HZ. Together with the fact that (¢s,q;) € Hi and (q;,qs) €
Hg, we get (¢s, quw), (Qu»Qv)s---» (Qw.qe), (i, qs) € Hy and
(@5, q0)» (@e2 qw)- - - -+ (@v. qu), (qQu. §s) € H§. In other words, for
every observationa € {s, t, u, ..., w} there exist two observations
bandcin{s, t,u, ..., w}suchthat(q,, qs) € H(} and (qq, qc) € Hg.
It follows from the construction (see Table 6) that this can happen

only if a € {x{, x{, x¢} for a given £ = 1,..., m. Therefore,
sty ..., w € {x{, x3, x5} foragiven £ = 1,..., m. The latter
result implies that the length of the sequence u, v, ..., w is one

(suppose that the sequence contains only u) and we have (g, q,)
and (qy, q;) in H}. If, in addition (g, qs) € H,, then we have
(qxf’ qxf)' (qxz" qxf) and (qx3z, qxf) in H!, which is only possible
if the variables x{, x4 and x4 are assigned the same value. Since
these three variables are in the same clause Cy, this contradicts the

fact that we have a truth assignment that is a solution to the Not-
All-Equal-3Sat instance. O

Property 2. For any triple of observations (s, t, t;) satisfying psqs >
Ps(qe, +qv,), the pair of bundles (qs, q,) and (gs, q,) are in the same
set H) fori =1, 2.

Proof. It is not difficult to check this result from Table 6. O

We now prove that the hypothetical relations H(} and Hg defined
above satisfy Rules 1-5.

Rule 1: This rule is satisfied because on the one hand, a pair of
distinct observations s, t in T occurring in psqs > psq; is
identified by one of the inequalities (1)-(20) and therefore
is by construction either in Hj or in HZ. On the other hand,
(gs, gs) € Hy N HZ by construction.

Rule 2: Suppose that p;q; > psq; and (q;, ;) € H'. We know by
construction that psqs > psq; implies p;q; > p:qs and
from Property 1 we have (q;, q;) € H/}; which implies
(s, qr) € Hp.

Rule 3: Suppose that psqs > ps(q:, + qr,) and (qr,, qs) € H.
Property 1 implies that (g, qs) € H(} and Property 2
implies that (g5, q;,) and (g, q;,) are in the same set. Since
(Ge,» 45) € Hy, we conclude that (gs, q¢,) € HZ.

Rule 4: This rule follows from the fact that H} N HZ contains only
(gs, gs) where s is a given observation in T. Thus, for two
distinct observations s and t with psqs > psq:, (qs, §t) &
H} NHZ.

Rule 5: Suppose that there exist s, t;,t; € T such that p,qs >
ps(qr, + 4t,) and (qr,, gs) € H'. Then (q;,, ¢5) € Hy from
Property 1 and (gs, q,) € Hé from Property 2. Therefore
(qr,» gs) & HZ because of Lemma 1.

This concludes the proof that if the instance of the Not-All-Equal-
3Sat is a yes-instance then the dataset S satisfies CARP.
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Table 6
Construction of Hj and H2 for a given clause C;.

X]l = Xi X1 Xi
xi=1 Ineq. xi=0 Ineq. xi=1 Ineq. xi=0 Ineq.
(ax- ax,) (1) (a% qx) (2) (ax» dx,) (1) (G% qx) (2)
Hi (@ a5) (13) (95> drt) (14) (@, a,0) (14) (@5 qx) (13)
0 (@5 q,0) (12) (@, 9:0) (8) (@, q:0) (8) (@5 q,0) (12)
(@, 9,0 (3) (@, 4,0 (6) @z, 9,0) (6) (@, 9,0 (3)
(G%- ax) (2) (9x- ax) (1) (ax» ax) (2) (ax- a%) (1)
52 (@, qrt) (14) (@ a5;) (13) (@5 ax) (13) (@, qrt) (14)
‘ (@, 9:0) (8) (@5 q,0) (12) (@, a,0) (12) (@, 9:0) (8)
(o (6) (@,. q,0) (3) (Co (3) (@5 a,0) (6)
X3 =% X% =%
x=1 Ineq. X =0 Ineq. X =1 Ineq. X =0 Ineq.
(ax- ax) (1) (a%- ax) (2) (ax- ax,) (1) (g% ax) (2)
H] (ay- a5) (16) (@3, drt) (17) @y, a) (17) (@ - ay) (16)
(@ q,0) (15) (@,¢9) (11) (@, 9:0) (11) (9. q,0) (15)
(@, 9,0) (7) (@, 4,0 (10) @z, 9,0) (10) (@59, (7)
(ax;, Gx) (2) (ax;» 95;) (1) (G, Gy) (2) (ax;, q%) (1)
H? (@, ar¢) (17) (9 a5) (16) (@ ay) (16) (@, drt) (17)
(@, 9:0) (1 (9. q,0) (15) (@, a,0) (15) (a,z,9:0) (11
(@, 9,0 (10) (@, 4,0) (7) @z, 9,0) (7) (@, 9,0) (10)
x5 =X X5 =%
xp=1 Ineq. xx=0 Ineq. X =1 Ineq. Xk =0 Ineq.
(Gx> dx,) (1) (Gx» ) (2) (x> 9, (1) (Gx> ) (2)
Hi (@ qx) (19) (95> 9it) (20) @y, ar) (20) (@ + G (19)
0 (@ q,0) (18) (@, 4:0) (5) (@, q,) (5) (@ q,0) (18)
(a,,9,0) (9) (@, 4,0 (4) (a,.9,0) (4) (@, 9,0) (9)
Qx> 9x) (2) (x> 9x) (1) Qx> 9x) (2) Qx> 9x) (1)
H2 (@5, Grg) (20) (CHREY) (19) (@5 Gx) (19) (@ drg) (20)
0 (@, 4:) (5) (@ q,0) (18) @, a,0) (18) (@, 9:) (5)
(@yes a,0) (4) (@, q,0) 9) @z, 9,0) (9) (@, a,0) (4)

4. Conclusion

This text proves that the problem of testing the Collective
Axiom of Revealed Preference (CARP) is NP-complete even for
two-member household. This result justifies the enumerative
approaches that are used in Cherchye et al. (2008) and the heuristic
approaches used in Talla Nobibon et al. (forthcoming) to test a
given dataset for CARP.
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Appendix A. Scalar product of observations in T

In this section, we derive the value of the scalar product psq; for
each pair of observations s and ¢t in T.

In what follows, we first specify the quantity psq; for every pair
of observations s and t in T. The symbol = is used to mean that the
value reported of psq; is the limit when € tends to O of the exact
value. We consider five cases.

Case 1. Both observations are variable observations; thatis s, t €
(X1, X1, ..., X0, Xn ).
Below, we distinguish eight types of combinations as follows:

How to compute py,qx, whens =t = x;withi=1,...,n.

Notice that the scalar product py,qy, is not affected by goods
corresponding to cells with quantity zero. Further, as we take
the limit when & tends to zero, only goods corresponding to
cells in Block 1 and in Block 2 with price different from &

are considered. In Block 1, this restriction allows to consider
only goods corresponding to cells in row x;. The quantity py,qx,
contains a part coming from the good corresponding to cell
(xi, x;) in Block 1. This accounts for 2 x 1 = 1in py,qy, since the
price is 2 and the quantity is 1. Looking at the vector of quantity,
the good corresponding to cell (x;, X;) has a quantity of one and
contributes for 1 x 1 = 1 in pyqy. Moreover, we know that
for every clause C, with £ € [I%, the good corresponding to
cell (x;, tf) in row x; gets the value one (here, r € {1, 2, 3} is
the position of x; in the clause Cy). Thus each such good adds
the value of one to py,qy, and there are |I%,| such goods. There
are no additional value coming from the goods corresponding
to the remaining cells in Block 1. In total, goods corresponding
to cells in Block 1 contribute for 2 + 1+ |I%,| in py,qy;. For goods
corresponding to cells in Block 2, we know by construction that

there are 2 x |I%;| goods with price ﬁ and the quantity of
Xi

[T}, 4 1. Therefore, if I, # ¥ then the goods corresponding to
cells in Block 2 contribute for 2 x | I | (#m x (| I%] + 1)) =
|I%] + 1. Notice that if Iy, = @ then that cé)ntribution is zero.
Putting together the contribution of goods corresponding to
cells in Block 1 and in Block 2, we obtain py,qx, = 2+ 1+ [Tk, +
I +1=2|I%| +4if I}, # ¥ and pyqy, = 2+ 1if I}, = 0.
Therefore,

3 if Iy, = 0

Py = {2|1}q| +4 ifly #0. 53

How to compute py,qx, whens =t =X;withi=1,...,n.
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Following the procedure above, the scalar product

~ |3 ifr, =9
Pxdx = {2|pxi|+4 if I, # 0. (34)
How to compute py.qz;, whens = x;andt = x; withi=1,...,n.

To compute the scalar product pyqz, observe that goods
corresponding to cells in Block 2 do not affect that scalar
product. In fact, for the observation x;, the only goods in Block 2
with price different from e corresponding to cells either in row
X; or in column X; while the goods of observation x; in Block 2
with non-zero quantity corresponding to cells either in row x;
or in column x;. Therefore, the scalar product py,qy; is based on
goods corresponding to cells in Block 1. In that block, only goods
corresponding to cells in row x; are interesting as they have a
non-¢ price. However, for observation x; the only good in row x;
of Block 1 with non-zero quantity corresponding to cell (x;, x;)
with quantity |I%;| + 1. This implies that

Pz = x| + 1. (35)
How to compute pz,qx, whens = x;andt = x; withi=1,...,n.
An analysis following the reasoning used above leads to

Pxx = [T + 1. (36)
How to compute py,qy, whens = x;and t = x; withi,j €
{1,...,n},i #].

We are not going to compute py, Gy but we will rather provide a
lower bound to Py ;- Notice that the scalar product Py, is at
least as large as the contribution of good corresponding to cell
(xi, ;) in Block 1. The latter good contributes 1x A = Atopy, Gy
because the cell (x;, x;) is in the column x; and in that column,
the observation x; is such that only goods corresponding to cells
(xj, x;), (X;,x;) and (tf, X;) where the clause C, contains X; (r
being the position of X; in C¢), have quantity different from A.
Therefore

Pxdy = A. (37)
How to compute psz,qy, when's = X and t = x; with i,j €
{1,...,n}i#].

Similarly, Pz is greater than or equal to A using the same
reasoning as above. Thus,

DPx,0y = A. (38)
How to compute py,qx, whens = x;and t = X; withi,j €
{1,...,n}i #].

The quantity PG, is at least as large as the contribution
of the good corresponding to cell (x;, %) in Block 1. That
contributionis 1 x A = A. Therefore

Pxlx = A. (39)
How to compute pz,qx, whens = x;and t = X; withi,j €
{1,...,n}i#].

The quantity Px,dx; is at least as large as the contribution of
the good corresponding to cell (x;, X;) in Block 1. However, that
good contributes for 1 x A = A. Therefore

Pz = A. (40)

Case 2. Both observations are clause observations, correspond-

ing to some clause C, with¢ =1, ..., m.

This means that s,t € {x{, x5, x5, t\, t5, ti}. There are 36

possibilities listed below.

How to compute Py, Pytdy and Pyt
Consider the scalar product Pyl It is neither affected by
goods corresponding to cells with quantity zero nor by goods

corresponding to cells in Block 1 and Block 2 with price e¢.
In Block 1, only goods corresponding to cells in row Xf are
considered. The quantity Py, contains a part coming from

the goods corresponding to cells (xi, x1), (xts x5), (xis x3)
and (Xf, tf) in Block 1. Each of these goods has a price of one and
a quantity of one except the good corresponding to cell ( xf, Xf)
which has a price of two and a quantity of one. Therefore,
they contribute2 + 1+ 14+ 1 = 5in Pyedyt. As for goods
corresponding to cells in Block 2, we know that there are two
goods corresponding to cells (x5, t5) and (t5, x3) with price §
and quantity three. These two goods contribute 2(% x 3) =3.
In total,

prqxf =5+43=8. (41)
A similar analysis leads to

P4, =8 (42)
and

Dty ~ 3. (43)

How to compute Pytd,tPyd, and Pytdyct-
The scalar product P,td,t is affected only by the good of Block 1

corresponding to cell (x}, x5). In fact, this good is in row x|,
and therefore gets the price of one in observation Xf. Moreover,

the observation Xf uses six units of that good. It is not difficult to
see that the goods corresponding to the remaining cells in row
x! of Block 1 get the quantity zero for observation x; and the

goods (x5, t4) and (¢, x¥) which are the only goods of Block 2
with non-¢ price for observation Xf have a quantity of zero for
observation xf; therefore do not contribute in Pytdyt- Thus

P,y =6. (44)
Similarly, we get

DAy =6 (45)
and

prqxf =6. (46)

How to compute Pyt Pyt and Pyl

The scalar product Pyd,t is affected only by the good of
Block 1 corresponding to cell (x¢, x£). That good is in row !
therefore gets the price of one for observation x . Moreover, the
observation X3€ uses four units of that good. Thus

Pyt =4, (47)
Similarly, we get

P, =4 (48)
and

Dyt =4, (49)

How to compute PitGyt Pyt yt and P4y

The observation t! is associated to x{. There are two options for

the literal x{, either x{ = x; or x{ = x;.
If Xf = x; then the quantity Pyt contains a part coming from

1

the goods corresponding to cells (¢!, tf), (¢, x5) and (!, %)) in
Block 1. The first good has a price of two and a quantity of one,
while the two others have a price of one and a quantity of one.
Therefore, they account for2 + 14+ 1 =4in P gyt In Block 2,
the two goods corresponding to cells (x4, %) and (¥;, x5 ) with
price % and quantity two are the only goods contributing to
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p.¢q,¢. They contribute for 2(3 x 2) = 2.1In sum, p,eq,c =
tl tl 2 tl tl

442 =6.
On the other hand, if Xf = x; then the quantity Piedye contains

a part coming from the goods corresponding to cells (tf, tf),

(tf, x£) and (t¢, x;) in Block 1. As above, these goods account
for24+14+1=4in Pyt As for goods in Block 2, only two

goods corresponding to cells (x5, x;) and (x;, x;) with price
% and quantity two contribute to Pitqyc- They contribute for
2(3 x 2) = 2.1In total, we obtain Py =4+2=6.

To summarize, whether x! = x; or x{ = x;, we have

Dy =6. (50)
We also obtain, using similar reasoning that

ptgqté =6 (51)
and

ptgqu =6. (52)

How to compute psq; whens, t € {t}, t5, ti} withs # t.

The scalar product psq; is greater than or equal to the
contribution of the good corresponding to cell (s, t) in Block 1.
However, the cell (s, t) being in row s of Block 1, it has the price
of one for observation s. But that cell is in column ¢ in Block 1
and gets the value A as quantity. Therefore

psqr = A. (53)
The set of inequalities (53) represents six values of psq;.

How to compute D, tGyts Pyt dyt and P4y

The scalar product Pyrdy is determined only by the good

corresponding to cell ( Xf, tﬁ) in Block 1. This good has a price of
one for observation Xf and a quantity of three for observation
tf. Therefore, it accounts for 1 x 3 = 3 in Pytdy- Notice

that the good corresponding to cell (Xf, tf) is the only good of
observation t§ in row Xf of Block 1 with non-zero quantity. As
for goods corresponding to cells in Block 2, we know that the
two goods of observation tf in Block 2 with non-zero quantity

have the price of ¢ for observation Xf. Therefore,

P,y = 3. (54)
The following similar results hold

Dy =3, (55)
Dy =3. (56)

How to compute Pty Pyt and Pid,-
The scalar product Pied, is mainly determined by the good

corresponding to cell (tﬁ, Xf) in Block 1. This good has a price
of one for observation tf and a quantity of two for observation
Xf- Therefore, it accounts for 1 x 2 = 2 in Pty and

1

Dyt =2. (57)
The following similar results hold.

Pl =2, (58)
Dy = 2. (59)

How to compute psq; and p.qs when s € {tf,t5,tl}, t €
X{ xs. x5y and (s, t) & {(t]. x3), (&5, x3), (&5, xD ) (t,5) &

{06 1), O, ), (xf» 15 }. o
The scalar product psq; is at least as large as the contribution
of the good corresponding to cell (s, t) in Block 1. However, the

cell (s, t) being in row s of Block 1, it has the price of one for
observation s. But that cell is in column t of Block 1 and gets the
value A as quantity for observation t. Therefore

psqc = A. (60)
Similarly, we prove that
peqs = A. (61)

These are 12 additional scalar products; completing the
description of the 36 scalar products announced.

Case 3. One observation is a variable observation, the other is
a clause observation such that the corresponding clause does not
contain that variable.

This means one observation is in {x%, x{, x, t!, t&, tf} from
clause C; = (x{V x4V x3) while the other is a variable observation
xiorx; (i = 1,2,...,n) which is such that x; or x; is not in
x5 x5, x5) Lets € {x{, x5, x3,th, ¢4, t5) and t be a variable
observation satisfying the above condition.

How to compute p,qs and psq;.

The value of the scalar product p.gs is least as large as the
contribution of good corresponding to cell (¢, s) in Block 1. Since
the price of that good equals 1, and its quantity equals A, we get

PeQs Z A. (62)
Using similar arguments, we can prove that
psqe = A. (63)

Case 4. One observation is a variable observation, the other is
a clause observation such that the corresponding clause contains
that variable.

This means one observation is in {x}, x, x+, t!, ti, t5} from
clause C; = (x{V xi Vv x$) while the other is a variable observation
x; or X; which is such that x; or X is in {x!, x, x{}. Let s €
(x5, x5, x5, t5, t5, ti} and t be avariable observation satisfying the
above condition.

How to compute Pyt and Pty when Xf = X;.

The value of the scalar product Pyt is at least as large as the

contribution of good corresponding to cell (x;, tf) in Block 1.

Since the price of that good equals 1, and its quantity equals

A, we get

Py = A. (64)
Using similar arguments, we get

Py = A (65)
Similar inequalities hold when x} = x; and x{ = x. These are
Py = A, (66)
Pyl = A, (67)
Py dy = A, (68)
Pty = A (69)

How to compute P54y and Py when Xf = X;.
The scalar product Pyt is not affected by goods corresponding
to cells in Block 2. The scalar product Pyt is determined by

the good corresponding to cell (x;, t!) in Block 1. That good has
a price of one and a quantity of | I'y,| 4+ 1. Therefore, it accounts
for 1 x (|| +1) = |l +1 inp,;iqtf. Hence,

pff,‘qtf = |FX,'| + 1. (70)
The scalar product PGy, is determined by the contribution of

good corresponding to cell (tf, X;) in Block 1. That good has a
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Table 7
Summary of scalar products with values less than A.
Id. Product Value Proof
3 ifly, =0 _
(A) Dx;Ax; 2“—}(" 44 if[‘fq 7é 7 1 1,...,n (33)
3 if Iy = _
(B) Px;qx; 2|FX1'|+4 if[;(i ;ﬁ@ U="150 n (34)
© P x; = |Ixl+1 i=1...,n (35)
(D) Px Ay = |Iyl+1 i=1,..., n (36)
(E) Doty = 8 L=1,..., mr=1,23 (41)-(43)
(F) Py dy = 6 L=1,....mr=1,2,3 (50)-(52)
(G) L = 6 L=1,..., m, (i,j) € {(1,2), 2,3), (3, 1)} (44)-(46)
(H) Py, = 4 L=1,..., m, (i.) € {(1,3), 2, 1), (3,2)} (47)-(49)
) Pyt = 3 E=1,....m () €{(1,3), (2 1), 3,2)} (54)~(56)
1) Py = 2 E=1,....mG) {31, 1,2),2,3)} (57)-(59)
(K) Px 4yt = \Fx(.|+1if)(f=x,» t=1,....mr=123i=1,...,n (70),(72) and (74)
(L) Py, = 2 if)(f =X L=1,..., mr=12,3i=1,..., n (71),(73) and (75)
(M) x4y = |IEl+1ifxf =% L=1,..., mr=1,23i=1,..., n (82), (84) and (86)
(N) Py = 2 ifx‘=% £=1,....,mr=1,273i=1,...,n (83),(85) and (87)
price of one and a quantity of two. Thus, A, we get
Pl = 2. (71) PxGye = A. (88)
The inequalities similar to those above hold for the pair of Similarly,
observations t; and x;; and t§ and x, when x5 = x;and x! = x. Py = A, (89)
There are given by '
~ piiqtf > A, (90)
p)?thk = |FXJ| + 17 (72)
2 and
Ptqu?j =2, (73) pt,lq)_‘i > A. (91)
Pady = D] + 1, (74) How to compute psq. and p,qs when's € {x{, x5, xi}and t is a
Doy =2 (75) variable observation.
R It is not difficult to prove that all these scalar products are at

How to compute P54y and Petds; when X]Z = X;.

least as large as A. That is

psqr = A (92)
and
pegs = A. (93)

Case 5. Both observations are clause observations; one of them

from clause C,, the other from clause C;, with £; # 5.

I R S )
Lets € {x;", xy'. x3's t, ' t5'band t € {x%, x5°, 32, t)°

, tfz }. These are 36 pairs of observations (s, t).

How to compute psq; and pqs.
It is not difficult to obtain the following lower bounds.

psqe = A (94)
and
pegs > A. (95)

Notice that for two distinct observations s and t in T, we have

psq: > A ifand only if p,qs > A.

In Table 7, we summarize the scalar products computed above
presenting only those which have values less than A.

Appendix B. Proof of Claim 1

In this section, we prove Claim 1.
We are now in a position to finish the proof of Claim 1. Here we

show how the inequalities identified by Claim 1 follow from the

Inequalities similar to those obtained when x{ = x; hold. These
are
Pxq = A, (76)
PGy = A. (77)
If x5 = Xjand x5 = X then
Pxqy = A, (78) tfz
Pudy = A, (79)
Py = A, (80)
Py = A (81)
How to compute Pyt and Pit Gy when Xf = X;.
Py = 1151 + 1, (82)
ptqul. =2, (83)
by
Py = |5 + 1, (84)
Py = 2, (85)
Py = g + 1, (86)
Pty = 2. (87)

How to compute Px 4yt and Px 4yt whenr € {1,2, 3} and Xf 4
{xi, xi}.

The value of the scalar product Px Gyt is least as large as the
contribution of good corresponding to cell (x;, tf) in Block 1.
Since the price of that good equals 1, and its quantity equals

scalar product computed in Appendix A.

The first set of inequalities (1) comes from (A) and (C) in Table 7.
The inequalities (2) stem from (B) and (D) in Table 7.

The inequalities (3), (7) and (9) stem from (E) and (G) in Table 7.
The inequalities (4), (6) and (10) stem from (E) and (H) in
Table 7.
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The inequalities (5), (8)and (11) stem from (E) and (I) in Table 7.
The inequalities (13), (16) and (19) stem from either (F) and (L)
or (F) and (N), in Table 7.

The inequalities (12), (15) and (18) stem from (F) and (J) in
Table 7.

The inequalities (14), (17) and (20) stem from either (B) and (K)
or (A) and (M), in Table 7.

The set of inequalities (21) come from the fact that for any other
pair of observations s, t € T, the scalar product psq; is greater than
or equal to A.

Appendix C. Proof of Claim 2

In this section, we prove Claim 2.

Here, we show how the double-sum inequalities described
by Claim 2 originate from the scalar products computed in
Appendix A. For every clause C; = (! V x5 V x3) € C, € €
{1, ..., m} with the given clause observations x{, xs, x4, t!, tt and
t, we have:

The double-sum inequalities (22)-(24) come from (E), (H) and
(I)in Table 7.

The inequalities (25), (27) and (29) stem from (F), (J) and either
(L) or (N) in Table 7.

The inequalities (26), (28) and (30) stem from either (B), (D) and
(K) or (A), (C) and (M) in Table 7.

The inequalities (31) stem from (A) and (M) and the inequalities
(32) from (B) and (K) in Table 7.

The non-existence of the other possible inequalities is justified
by the fact that for those inequalities, at least one scalar product
appearing in the right-hand side has a value greater than or equal
to A.
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